Deformation Quantization of Coadjoint Orbits 



M. A. Lledo 

Dipartimento di Fisica, Politecnico di Torino, 
Corso Duca degli Abruzzi 24, 1-10129 Torino, Italy, and 
INFN, Sezione di Torino, Italy. 
e-mail: lledo@athena.polito.it 

Abstract 

A method for the deformation quantization of coadjoint orbits of 
semisimple Lie groups is proposed. It is based on the algebraic struc- 
ture of the orbit. Its relation to geometric quantization and differen- 
tiable deformations is explored. 

Let G be a complex Lie group of dimension n and Gr a real form of G. 
Let Q and Qr be their respective Lie algebras with Lie bracket [ , ] . As it is 
well known, Q R has a Poisson structure, 

{h, / 2 }(A) =< [(#i)a, (df 2 )x\, a >, f h f 2 e c°°(g R ), x e g* R . (1) 

Choosing a basis {Xi, . . .X n } of Gr and its dual, . . . £ n }, the Poisson 
bracket can be written as 

{/i,/ 2 }(x) = 4A fc m|, x = x>? G <r. 



Notice that this Poisson bracket is never symplectic, in particular it is at 
the origin. Under the action of g G Gr, it satisfies g*{fi,f2} = {g*fi, 9*f2}, 
so Gr is a group of automorphisms of the Poisson algebra C°°(G R ). The 
action of Gr on Q R is not transitive, so Q* R is foliated in orbits. This foliation 
coincides with the foliation given by the Hamiltonian vector fields of (jl]). So 
the orbits of the coadjoint action of a Lie group are symplectic manifolds. 

We want to describe formal deformations of the Poisson algebra C°°(0) 
(0 is a coadjoint orbit) or of some subalgebra of it. It is convenient to work 
with the complexification of the Poisson algebra. 

An associative algebra Ah over C[[/i]] is a formal deformation of a Poisson 
algebra (A., { , }) over C if there exists an isomorphism of C[[/i]] -modules 
if) : A[[h]] — ► Ah satisfying the following properties: 
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a. ip~ 1 (F 1 F 2 ) = /1/2 mod(/i) where Fj e .4^ are such that -?/> _1 (-F) = /i 
mod(/i), /, G A (By mod(/i) we mean that the projections p : *4.[[/t]] — > 
A[[h]]/hA[[h]} of both quantities coincide). 

b. $-\F x F 2 - F 2 F ± ) = h{h, / 3 } mod(/i 2 ). 

An example of interest for our purposes is the polynomial algebra on Q* . 
A formal deformation of Pol(£/*) JlJ is given by the algebra Uh = Tc^(C/) / C h , 
where 7c[[/i]](£?) is the tensor algebra over C[[h]] and Ch is the proper two sided 
ideal 

C h = T c[Ml(£) ® (X ®Y - Y ® X - h[X,Y}) ® T c[[h]] (g) c T cm {Q). 
x,YeQ 

The isomorphism if) : Po\(Q*) — > Uh is not canonical. A possible choice is 
in terms of a Poincare-Birkhoff-Witt basis, 

if){x h x i2 • ■ -x ik ) = X h ■ X i2 • ■ -X ik , 1 < i! < • • • < i k < n. (2) 

Another choice is the symmetrizer map, 

Sym(x il x i2 ■ ■ ■ x ik ) = — ^ X a ( h) ■ X^ ■ ■ ■ X a ^, (3) 

<res k 

where S k is the group of permutations of order k. 

Given a choice for if) one can define an associative product (star product) 
on A[[h]] by 

a*fb = ip 1 (ip(a) ■ ip(b)). 

Then, for any choice of ip, (Ah,^) * s an algebra isomorphic to Ah- With 
the star product we recover the semiclassical interpretation of the elements 
of the algebra as functions on the phase space. The star product can always 
be written as a formal series 

a-k^b = ab + h n C^(a, b), 

n>0 

where are some bilinear operators. Let * and *' be two isomorphic star 
products, 

a*b = T-\T(a)*T(b)), T : A[[h]] — > A[[h]}. 
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It is clear that T can be written as 

T(a) = Y J h n T n {a), 

n>0 

and because of property a, T° must be an automorphism of the commutative 
algebra «4[[/i]]. If To is the identity we say that * and *•' are equivalent (or 
gauge equivalent) star products. (0) and (|) are two equivalent star products. 

For A being the full algebra of C°° functions on the Poisson manifold, 
if the operators are bidifferential operators we say that the star product 
is different iable. Gauge equivalence can be restricted to the class of dif- 
ferentiable star products by considering only differentiable T n . Notice that 
the differentiability is a property of the particular star product and not of 
the formal deformation. The star products (^) and (|3|) can be extended to 
C°°(G) as differentiable star products, but we will see later an example of 
a star product corresponding to the same formal deformation which is not 
differentiable ||. 

We will consider only semisimple Lie groups. The semisimple coadjoint 
orbits of G on Q are complex algebraic varieties defined over R. They are 
given by the invariant polynomials. If I is the rank of G, we can choose 
I homogeneous polynomials Pi(x), i = 1, . . . , I generating the subalgebra of 
invariant polynomials, C[pi, . . .p n }- Then the semisimple coadjoint orbits are 
given by the algebraic equations 

Pi (a?) = Ci. (4) 

(see for example H). The intersection of the complex orbit with Qr is a real 
algebraic variety consisting on a finite number of connected components, 
which are orbits of the real form of the group. For the compact real form 
there is only one connected component. 

It is easy to check that the star products |2] and [3] do not restrict well to 
the orbit, that is, in general 

a*Pi\e 0. 

We want to know if there is some choice of ip that gives a star product which 
restricts to 0. 

In the approach of geometric quantization, the algebra of quantum ob- 
servables is given by the quotient of Uh by a certain ideal. This ideal, Ih, 
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is prime and Ad^-invariant, so there is a well defined action of G on Uh/Ih- 
We summarize here the results of j|, where the quantization of the coadjoint 
orbits are obtained in terms of the quotient of the enveloping algebra by a 
prime, Ad^- invariant ideal. We consider the polynomial algebra over the real 
algebraic manifold (union of orbits) defined by (§), 

Pol(9) = Pol(0*)/To, J = {P e Pol(g*)/p\ e = 0}. 

This is the Poisson algebra that we want to deform. We quote first a result 
from Varadarajan || that we need. 

Lemma (1). Let x e Q* be a regular element of Q* (or equivalently, a 
point in which the centralizer has dimension equal to the rank ofQ*). Then 
(dpi) x , (dpi) x are linearly independent. 

From now on we will restrict to regular orbits only. It is clear that in this 
case X is generated by p\ — ci, . . .p\ — cj. We consider now the elements in 
Uh that are the image of pt by the symmetrizer, Pj = Sym(pj), called Casimir 
operators. Pj are central elements in Uh and they are also Adc-invariant (the 
symmetrizer commutes with the action of G). 

Let Xh be the ideal generated by Pj — Ci(h), where Cj(0) = q. Then 
Uh/Ih is a formal deformation of Pol(0). The technical assumption of reg- 
ularity is needed to prove the existence of a C[[/i]] -module isomorphism 
ip : Pol(G)[[/i]] — > Uh/Ih, which is not obvious. The ideal Ih itself is 
Adc- invariant, so G has a natural action by automorphisms on the algebra 
Uh/Ih- For special values of Ci(h), Ih is in the kernel of an irreducible unitary 
representation of Gr. 

This deformation of polynomials can be specialized for any value of h. 
For SU(2), 

[H, X] = h2X, [H, Y] = -H2Y, [X, Y] = hH, 
the Casimir operator is 

P = -{XY + YX + ^H 2 ). 

It was shown in |4]] that with the choice 

C = l(l + h)), l = hm/2, 

the algebra obtained is the same than the one obtained in geometric quanti- 
zation. 
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According to our definition, a star product in Pol(0) is given by a C[[/i]]- 
module isomorphism tj) : Pol(G)[[/i]] — > UhjX h . In particular, to obtain 
a star product in Pol((?*) which restricts to the orbit one should look for 
an isomorphism ip : Pol(Q*)[[h]] — ► Uh such that the following diagram 
commutes 

Poi(g*)[[h)) -=U u h 



(5) 



Pol(9)[[/i]] U h /I h . 



7r and ir are the natural projections. If ip(Xo) = Ih, then ip is defined uniquely 
by the diagram (|5|). An example of such star product is given in ||, where 
it is also shown that it is not differentiable. Since ip is not unique one could 
ask if there is some choice that renders it differentiable. This issue will be 
addressed in ||. 
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